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We propose two models for constant density relativistic perfect-fluid spheres supported by thin-
shell configurations. These models are obtained from the Schwarzschild constant density star solu-
tion: the first via the collapse of the external layers of the fluid into a thin-shell by performing a
matching with the exterior Schwarzschild solution at a matching radius smaller than the star radius;
and the second via the creation of a vacuum bubble inside the star by matching it with an interior
Minkowski spacetime. Both models are shown to satisfy both the Weak and the Strong Energy
Conditions (WEC and SEC) and can have a compactness arbitrarily close to that of a black-hole
without developing singularities at the center, thus being exceptions to the Buchdahl limit. We
compute the stability regimes of the models proposed and we show that there are combinations of
the star radius R and the matching radius RΣ for which the solutions are stable, the Dominant
Energy Condition (DEC) is satisfied, and the radius of the object is smaller than 3M , implying that
these models could be used as models for dark matter or exotic compact objects.
PACS numbers: 04.50.Kd,04.20.Cv,
I. INTRODUCTION
In an attempt to derive solutions to the Einstein’s Field
Equations (EFE) in General Relativity (GR), one often
encounters a situation where a hypersurface separates the
whole spacetime into two regions described by two differ-
ent metric tensors, often expressed in terms of different
coordinate systems. In such a case, it is natural to ask
which conditions the two metric tensors must satisfy in
order for the two regions to be matched smoothly at the
separation hypersurface. These are called the junction
conditions.
In the context of GR, the junction conditions have
been deduced long ago [1, 2]. These imply that both
the induced metric across the separation hypersurface
and the extrinsic curvature must be continuous. Var-
ious solutions to the EFE have been obtained in this
formalism, namely the Schwarzschild constant density
fluid star [3], the Oppenheimer-Snyder stellar collapse
[4], and the matching between Friedmann-Lematre-
Robertson-Walker spacetimes with Vaidya (and conse-
quently, Schwarzschild) exteriors [5].
If the extrinsic curvature is discontinuous across the
separation hypersurface, it is still possible to perform a
matching between the two spacetime regions. However,
this matching is no longer smooth: a thin-shell of matter
arises at the junction radius [2, 6, 7]. The thermodynam-
ics of these shells has been studied [8], having the shell’s
entropy been computed in diverse scenarios e.g. rotating
shells [9, 10] and electrically charged shells[11, 12]. Col-
lisions of shells have also been studied numerically [13].
In what concerns relativistic fluid spheres, a few well-
known results have been established. The Buchdahl the-
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orem [14] states that if the radius of a constant density
relativistic fluid sphere is smaller than a factor 9/4 of its
mass in geometrized units G = c = 1, a few problems
arise. In particular, for the Schwarzschild fluid star, this
implies a divergence in the central pressure and a coor-
dinate singularity in the g00 component of the metric.
The so-called Buchdahl limit thus imposes a restriction
for physically relevant solutions. However, Buchdahl’s
limit is based on a few assumptions, namely that the en-
ergy density of the star is a constant, and that the fluid
is isotropic. Less restrictive bounds on the radius have
been obtained in situations with fewer assumptions, e.g.
for anisotropic fluid models [15–17], keeping the energy
conditions under control.
Indeed, the energy conditions (see [18] for a brief re-
view), are important indicators of the physical relevance
of relativistic fluid configurations. In particular, as seen
from an observer moving in along a timelike vector field,
the Weak Energy Condition (WEC) imposes that the av-
erage energy density must be non-negative, whereas the
Strong Energy Condition (SEC) stipulates that the trace
of the tidal tensor must be non-negative. Although there
are well-known situations where the energy conditions
are violated e.g. the observable effects of dark energy
at cosmological scales [19, 20], satisfying the WEC and
the SEC are important steps towards the acceptance of
models for astrophysical objects.
Another important feature of astrophysically rele-
vant spacetimes is their stability, at least in cosmolog-
ical timescales. Black-hole spacetimes surrounded by
thin-shell configurations were shown to present stability
regimes [21, 22] under radial perturbations, see [23] for a
detailed description of the method. Although inconclu-
sive, these works predict a correlation between the sta-
bility of thin-shell configurations and the validity of the
Dominant Energy Condition (DEC), which allows one to
predict possible stability regimes of the models proposed.
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2The importance of these models stands on the increas-
ing interest in Exotic Compact Objects, also known as
ECOs. If a given model for a compact object features a
surface radius smaller than the light-ring radius r = 3M ,
the object will present a shadow and thus be indistin-
guishable from a black-hole as seen from an exterior ob-
server, with the advantage of not presenting any singular-
ities in the spacetime. Beeing poorly understood features
at a fundamental level, singularities are an important
problem of black-hole spacetimes and various models for
black-hole mimickers have been proposed [24], which can
be constrained experimentally with observations from the
gravitational wave ringdown [25].
This paper is organized as follows: in Sec.II, we re-
view a few well-known results for the Schwarzschild fluid
star, the thin-shell formalism, and the energy conditions,
which will be needed in the following sections; in Sec.III A
we derive the first model by collapsing the outer-layers of
the Schwarzschild interior solution into a thin-shell at a
junction radius smaller than the initial radius of the star
and analyze the energy conditions; in Sec. III B we derive
the second model by creating a spherical Minkowski vac-
uum inside the Schwarzschild interior solution and again
we analyze the energy conditions; in Sec.IV we compute
the stability regimes of the previous models and verify
the validity of the DEC; and in Sec. V we conclude.
II. FRAMEWORK AND REVIEW
In this section we briefly review a few concepts needed
throughout the paper, namely the Schwarzschild interior
solution for a fluid sphere and the problems arising from
the violation of the Buchdahl limit, the junction condi-
tions in GR and consequent thin-shell formalism, and the
energy conditions to be considered, more specifically the
WEC, the SEC, and the DEC.
A. The Schwarzschild fluid star
Let us consider a non-rotating and spherically sym-
metric sphere of incompressible relativistic perfect fluid
in the context of GR. In the usual spherical coordinates
(t, r, θ, φ), the line element describing the interior of such
an object is
ds2 = −1
4
(
3
√
1− 2M
R
−
√
1− 2r
2M
R3
)2
dt2 + (1)
+
(
1− 2r
2M
R3
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
,
for r < R, where M is the total mass of the object and R
is the radius of the object. On the other hand, the exte-
rior of this object is well described by the Schwarzschild
metric, i.e.,
ds2 =−
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2+, (2)
+r2
(
dθ2 + sin2 θdφ2
)
,
for r > R. As the line elements provided in Eqs.(1)
and (2) are given in the same coordinates and in the
limit r → R both the metrics and their respective Lie
derivatives are the same, the junction between the two
spacetime regions at the hypersurface r = R is smooth.
In the interior region, matter is described by an
isotropic perfect fluid, i.e., the stress-energy tensor T ba
is diagonal and can be written in the form
T ba = diag (−ρ, p, p, p) , (3)
where ρ is the energy density, which is a constant since
we assumed the fluid to be incompressible, and p is the
pressure, which is a function of the radial coordinate r as
p (r) = ρ
√
1− 2r2MR3 −
√
1− 2MR
3
√
1− 2MR −
√
1− 2r2MR3
. (4)
At the surface of the object r = R one verifies that
p (R) = 0, as expected since the exterior solution is vac-
uum. On the other hand, the central pressure pc can be
written in terms of the total mass M and the radius of
the object R as
p (0) ≡ pc = ρ
1−
√
1− 2MR
3
√
1− 2MR − 1
. (5)
At this point, the consequences of setting a radius be-
low the Buchdahl limit, R < 9M/4 ≡ Rb are visible.
Take for example the particular case R = Rb. From Eq.
(1), we verify that g00 = 0 at the origin, which corre-
sponds to a coordinate singularity. Furthermore, from
Eq.(5), we confirm that the central pressure pc diverges
as R→ Rb. A further decrease in the radius to the inter-
val 2M < R < Rb will move both the coordinate singu-
larity and the divergence in the central pressure outwards
from the center of the sphere. Note also that since the
denominator of the pressure in Eq.(4) is the same quan-
tity inside the square of g00 in Eq.(1), the pressure di-
vergence and the coordinate singularity will occur at the
same radii. We are not interested in the region R < 2M
as it is known that in this case the object collapses into
a black-hole.
B. Junction conditions and thin-shells
Let Σ be a spacelike hypersurface that separates the
spacetime V into two regions, V+ and V−. Let us con-
sider that the metric g+ab, expressed in coordinates x
a
+,
3V−
V+
xa−
xa+
Σ yα
na
FIG. 1. Schematic Representation of the spacetime V divided
into two regions V± by a spherical hypersurface Σ in red. xa±
denote the coordinate systems defined in V±, respectively, yα
denotes the coordinate system defined on Σ, and na is the
spacelike unit vector normal to Σ.
is the metric in region V+ and the metric g−ab, expressed
in coordinates xa−, is the metric in region V−, where the
latin indeces run from 0 to 3. Let us assume that a set of
coordinates yα can be defined in both sides of Σ, where
greek indeces run from 0 to 2. See Fig.1 for a schematic
representation.
The projection vectors from the 4-dimensional re-
gions V± to the 3-dimensional hypersurface Σ are eaα =
∂xa/∂yα. We define na to be the unit spacelike normal
vector on Σ pointing in the direction from V− to V+. Let
l denote the proper distance or time along the geodesics
perpendicular to Σ and choose l to be zero at Σ, negative
in the region V−, and positive in the region V+. The dis-
placement from Σ along the geodesics parametrized by l
is dxa = nadl, and na = ∂al. The metric gab of the whole
spacetime can then be written as
gab = g
+
abΘ (l) + g
−
abΘ (−l) , (6)
where Θ (l) is the Heaviside distribution function, whose
derivative is given by the Dirac delta function Θ′ (l) =
δ (l).
For the spacetime regions V± to be matched smoothly
at Σ, two junction conditions must be satisfied. These
are the continuity of the induced metric hαβ and the
extrinsic curvature Kαβ ,
hαβ = gabe
a
αe
b
β , (7)
Kαβ = e
a
αe
b
β∇anb, (8)
where ∇a denotes a covariant derivative. Defining the
jump of a given quantity X across the hypersurface Σ
as [X] = X+|Σ − X−|Σ, the junction conditions can be
written as
[hαβ ] = [Kαβ ] = 0, (9)
The first of these conditions comes from the fact that
when one takes the derivative of the metric gab, writ-
ten in the distribution formalism, with respect to xa,
terms proportional to δ (l) will arise. When one com-
putes the Christoffel symbols, these terms must vanish
because otherwise the Christoffel symbols would depend
on products of the form Θ (l) δ (l), which are not defined
in the distribution formalism and thus the formalism
would cease to be valid. On the other hand, the second
junction condition assures that no δ (l) terms are present
in the stress-energy tensor Tab in the field equations.
Note that the second junction condition is not manda-
tory because it does not give rise to terms of the form
Θ (l) δ (l), and therefore if this condition is violated we
can still perform the matching with a thin-shell of matter
at the hypersurface Σ. The stress-energy tensor Sab of
the resultant thin-shell can be written as
Sαβ = − 1
8pi
([Kαβ ]− [K]hαβ) , (10)
where K is the trace of the extrinsic curvature Kab. Fur-
thermore, writing Sβα = diag (σ, pt, pt), the surface energy
density σ and the transverse pressure pt of the thin shell
can be obtained.
C. Weak, Strong, and Dominant energy conditions
In the context of GR, the stress-energy tensor describ-
ing a given matter distribution, e.g. a fluid sphere like
the Schwarzschild star from Sec.II A or a thin-shell from
Sec.II B, is expected to satisfy a few properties. In partic-
ular, for physically relevant configurations, one expects
the energy density to be positive and dominant over pres-
sure. These properties are known as the energy condi-
tions.
1. The Weak Energy Condition
The WEC states that the average energy density as
seen from an observer moving along a timelike vector field
va must be positive. This corresponds to a condition on
the stress-energy tensor Tab of the form:
Tabv
avb ≥ 0. (11)
For the particular case in which matter can be described
by an isotropic perfect fluid, i.e., the stress energy tensor
can be written in the form given in Eq.(3), then the WEC
becomes
ρ ≥ 0, ρ+ p ≥ 0. (12)
These results must be valid for any stress-energy tensor
independently of its dimension, i.e., similar conditions
arise for the stress-energy tensor Sab of a thin shell in
the forms σ ≥ 0 and σ + pt ≥ 0.
2. The Strong Energy Condition
The SEC is more of a geometrical property instead of
a matter-related one. Effectively, it states that the trace
4of the tidal tensor, i.e., the Ricci tensor Rab, must be
non-negative as measured by any observers moving along
the same timelike vector field va. This corresponds to a
condition on the stress-energy tensor Tab and its trace T
of the form (
Tab − 1
2
Tgab
)
vavb ≥ 0. (13)
Again, considering that the matter distribution can be
well-modeled by an isotropic perfect fluid, the stress-
energy tensor Tab is given by Eq.(3) and we obtain
ρ+ p ≥ 0, ρ+ 3p ≥ 0. (14)
Similarly, for the stress-energy tensor Sab of a thin-shell
these conditions become σ+pt ≥ 0 and σ+2pt ≥ 0. Note
that the SEC does not imply the WEC as the positiveness
of the energy density is no longer required, and thus these
two conditions must be checked independently.
3. The Dominant Energy Condition
The DEC imposes that matter moves along timelike or
null world lines. In other words, for an observer moving
along an arbitrary future-directed timelike vector field va,
the measured matter’s momentum density −T ab vb must
also be future-directed and it must not be a spacelike
vector field. In the particular case in which matter is
described by an perfect fluid, i.e., the stress-energy tensor
is written in the form given in Eq.(3), the DEC becomes
ρ ≥ 0, ρ ≥ |p|. (15)
For a thin-shell with a stress energy tensor Sab, these
conditions become σ ≥ 0 and σ ≥ |pt|. Furthermore,
comparing Eqs.(15), (12), and (14), note that the DEC
implies the WEC, but it does not imply the SEC.
III. STATIC CONFIGURATIONS
A. Model 1: exterior thin-shell
In this section, we shall take a Schwarzschild star de-
scribed by the interior and exterior metrics provided in
Eqs.(1) and (2), respectively, with a radius R greater
than the Buchdahl limit, and perform a matching be-
tween the two at a junction radius RΣ < R. As the
extrinsic curvature Kab is no longer continuous across Σ,
a thin-shell will arise at the junction radius, see Fig.2.
Since we have taken the radius of the star to be greater
than the Buchdahl limit, R > Rb, this implies from the
results of Sec.II A that the pressure p of the interior
fluid is finite and monotonically decreasing throughout
the whole interior solution, and also that no coordinate
singularities are present, independently of the junction
radius.
RΣ R
FIG. 2. Schematic representation of model 1: a thin-shell
(solid blue) separates the interior Schwarzschild spacetime
(light gray) from the exterior Schwarzschild spacetime (white)
at a radius RΣ smaller than the radius of the star R (dashed
red).
As can be seen from Eq.(10), as we vary the junc-
tion radius, and consequently the jump of the extrinsic
curvature, the stress-energy tensor Sab of the thin-shell
will change, and both the surface energy density σ and
transverse pressure pt of the thin-shell will depend on the
junction radius. In Fig.3 we plot the normalized density
Mσ and the normalized surface pressure Mpt as a func-
tion of the junction radius RΣ for different values of the
star radius R. We avoid writing the explicit dependen-
cies of σ and pt in the junction radius RΣ due to their
size.
Regardless of the value of the junction radius, we ver-
ify that σ > 0, as expected since we are collapsing the
outer layers of the star in the thin-shell, and also pt > 0.
Consequently, both the WEC and the SEC, given in
Eqs.(12) and (14) respectively, are automatically satis-
fied, see Fig.4.
These results imply that we can perform the match-
ing between the two spacetimes arbitrarily close to the
Schwarzschild radius R = 2M and obtain a model for
an incompressible and isotropic relativistic fluid sphere
that does not develop pressure divergences nor coordi-
nate singularities, thus being an exception to the Buch-
dahl’s limit, and that still satisfies both the WEC and
the SEC.
B. Model 2: Interior thin-shell
Let us now consider an alternative approach to the
problem. Again, take a Schwarzschild star described by
the interior and exterior metrics given in Eqs.(1) and
(2), respectively, but now we let the radius of the star be
smaller than the Buchdahl limit, i.e., R < Rb. According
to the results from Sec.II A, this implies that we will have
both a pressure divergence and a coordinate singularity in
the interior fluid region at some radius Rd. To overcome
this problem, let us create a ”vacuum bubble” in the
central region of the star, described by the Minkowski
metric
ds2 = −dt2 + dr2 + r2 (dθ2 + sin2 θdφ2) , (16)
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FIG. 3. Normalized density Mσ and normalized surface pressure Mpt for the model depicted in Fig.2 as a function of the
junction radius RΣ for different star radii R. As expected, both σ and pt vanish when RΣ = R, thus recovering a smooth
matching between the two spacetime regions.
2.0 2.2 2.4 2.6 2.8 3.0
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
RΣ / M
R
/M
0.
1
0.
05
0.
02
0.
01
0.
00
5
0.0
02
0.0
01
σ+pt
2.0 2.2 2.4 2.6 2.8 3.0
2.3
2.4
2.5
2.6
2.7
2.8
2.9
3.0
RΣ / M
R
/M
0.
1
0.
05
0.
02
0.
01
0.
00
5
0.0
02
0.0
01
σ+2pt
FIG. 4. Parameter space of R and RΣ for the model depicted in Fig.2. In the left panel we plot M (σ + pr), positive where the
WEC is satisfied, whereas in the right panel we plot M (σ + 2pr), positive where the SEC is satisfied. Both the WEC and the
SEC are satisfied regardless of the junction radius RΣ as long as R > Rb.
RΣ
R
FIG. 5. Schematic representation of model 2: a thin-
shell (solid blue) separates the interior Minkowski spacetime
(white) from the interior Schwarzschild spacetime (light gray)
at a radius RΣ smaller than the radius of the star R (dashed
red).
and perform a matching between the Minkowski space-
time and the interior Schwarzschild spacetime at a given
matching radius RΣ, see Fig.5.
If we choose an adequate value for RΣ, i.e., greater
than the radius for which both the pressure diver-
gence and the coordinate singularity occur, RΣ > Rd,
then these two features are effectively removed from the
model. From Eqs.(4) and (1), we verify that
Rd = 3R
√
1− 4R
9M
. (17)
As a consequence, the pressure p is again finite and mono-
tonically decreasing in the outwards radial direction in-
side the fluid region.
Similarly to the previous model, due to Eq.(10) the
surface density σ and the transverse pressure pt of the
thin shell will depend on the junction radius RΣ. These
dependencies are again very lengthy so we chose not to
write them explicitly. In Fig.6 we plot the normalized
energy density Mσ and the normalized surface pressure
Mpt as a function of the junction radius RΣ for different
values of the star radius R.
Independently of the radius RΣ, we verify that σ > 0,
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FIG. 6. Normalized density Mσ and absolute value of the normalized surface pressure Mpt for the model depicted in Fig.5 as
a function of the junction radius RΣ for different star radii R. As expected, both σ and pt vanish when RΣ = 0 for R > Rb.
However, when R = Rb, we verify that pt diverges at the origin. Furthermore, for R = 2M , we have pt < 0 (the solid red line
plots the absolute value of this quantity) and it diverges at RΣ = 2M .
which is again an expected result as this would corre-
spond to collapsing the inner layers of the star outwards
into a thin-shell. However, pt can be negative for some
choices of R and RΣ, resulting in a consequent violation
of both the WEC and the SEC for some regions of the
parameter space, see Fig.7.
These results show a smooth separation between the
region where the energy conditions are satisfied from
the region where they are violated. Curiously, the line
that separates the two regions corresponds exactly to
RΣ = Rd in Eq.(17). This implies that as long as we
perform the matching at a radius RΣ large enough to
remove the singularities from the interior solution, the
stress-energy tensor of the thin-shell will automatically
satisfy both the WEC and the SEC. Therefore, we ob-
tain another model for an incompressible and isotropic
relativistic fluid configuration for which the radius can
be arbitrarily close to the Schwarzschild radius R = 2M
without developing pressure divergences nor coordinate
singularities.
IV. STABILITY ANALYSIS
A. Dynamical thin-shell framework
In the previous sections, as we were looking for static
thin-shell configurations, we have imposed the equilib-
rium conditions R˙Σ = R¨Σ = 0 before computing the sur-
face energy density σ and the surface pressure pt of the
shell. Here, we are interested in studying the stability of
these systems, and thus we shall drop these assumptions
and consider the framework of dynamical thin-shells[23].
1. Equation of motion for the thin-shell
In comparison with the previous approach, the main
difference arising from dropping the staticity assumption
is that a dependency in the proper-time derivatives of the
matching radius, R˙Σ and R¨Σ appears in the induced met-
ric hαβ , the extrinsic curvature Kαβ , and consequently in
the stress-energy tensor of the thin-shell Sαβ . In partic-
ular, the equation for the surface energy density σ, i.e.,
the (0, 0) component of the stress-energy tensor of the
thin-shell given in Eq.(10), becomes a function of R˙Σ.
This allows us to deduce an equation of motion for the
thin-shell in the form
R˙Σ + V (RΣ) = 0, (18)
where V (RΣ) is the thin-shell potential, written in terms
of the metrics g±ab and the mass of the thin-shell ms =
4piσR2Σ as
V (RΣ) = F (RΣ)−
(
ms
2RΣ
)2
−
(
G (RΣ)RΣ
ms
)2
, (19)
where the functions F (RΣ) and G (RΣ) are respectively
the average and half of the jump of the inverse metric
components g±rr across the hypersurface Σ:
F (RΣ) =
1
2
(
1
g−rr
+
1
g+rr
)
, (20)
G (RΣ) =
1
2
(
1
g−rr
− 1
g+rr
)
. (21)
The stability problem of a thin-shell is thus similar
to that of the stability of a particle moving in a one-
dimensional potential. We expand the potential in a
Taylor series around the equilibrium radius for the static
solutions computed previously, RΣ = R0, from which
we can immediately verify that V (R0) = 0. Further-
more, as RΣ = R0 is an equilibrium state, we know that
V ′ (R0) = 0, which can also be verified taking the deriva-
tive of Eq.(19). Assuming small radial perturbations, i.e.,
|RΣ −R0|  1, we are left with a potential given by
V (RΣ) =
1
2
V ′′ (R0) (RΣ −R0)2 +O (3) , (22)
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FIG. 7. Parameter space of R and RΣ for the model depicted in Fig.5. In the left panel we plot M (σ + pt), positive where the
WEC is satisfied, whereas in the right panel we plot M (σ + 2pt), positive where the SEC is satisfied. Both the WEC and the
SEC are satisfied as long as RΣ > Rd.
to the leading order in RΣ − R0. The stability regimes
for a thin-shell configuration are now evident: the sys-
tem will be stable whenever V ′′ (R0) > 0 and unstable
otherwise. The term V ′′ (RΣ), being a second derivative
of the potential given in Eq.(19), will depend on radial
derivatives of the surface energy density σ, which must
be computed using the stress-energy tensor conservation
equation.
2. Conservation of the stress-energy tensor
In the static cases considered before, the surface en-
ergy density σ and the surface pressure pt of the thin-
shell did not vary, and thus the conservation equation
eaα∇aSαβ = 0 was automatically satisfied. In the dy-
namical framework, the conservation equation is an ex-
tra constraint one must take into consideration. This
equation becomes
σ˙ = −2 R˙Σ
RΣ
(σ + pt) . (23)
The conservation equation is particularly useful in this
framework to rewrite the radial derivatives of the surface
energy density, i.e., σ′ (RΣ) and σ′′ (RΣ) in terms of σ and
p. To find a more suitable form of Eq.(24) to achieve this
goal, one divides it through by R˙Σ and uses the chain-rule
on the left-hand side. The result is as follows:
σ′ = − 2
RΣ
(σ + pt) , (24)
where a prime denotes a derivative with respect to RΣ.
This result and its radial derivative allow us to cancel the
terms σ′ and σ′′ arising in V ′′ (RΣ). Finally, one uses the
definition of surface pressure pt, i.e., the (1, 1) component
of Eq.(10) to obtain an expression for V ′′ (RΣ) written
solely in terms of the junction radius RΣ and the star
radius R.
B. Analysis of the results
1. Stability regimes
The stability regimes for the models proposed can be
obtained by computing the second derivative of the po-
tential provided in Eq.(19) and verifying in which regions
of the parameter space of RΣ and R it is positive. As the
forms of this potential and its derivatives are extremely
long, we choose not to write their explicit forms. In-
stead, in Fig.8 we plot V ′′ (RΣ) in the parameter space
considered.
In both cases, one verifies that there exist combina-
tions of the parameters RΣ and R for which the solu-
tions obtained are stable. However, the stability regions
are clearly different from the regions where the WEC
and the SEC are satisfied (see Figs.4 and 7): for the first
model one must consider a star radius R & 20 to find
stable solutions, whereas for the second model there is
an extra region above the line RΣ = Rd that must be
excluded.
In particular one verifies that, for the exterior match-
ing, although static solutions with radii below the Buch-
dahl limit exist, these are unstable. On the other hand,
for the interior matching, there is a small region of the pa-
rameter space near R & RΣ ∼ 2.23 for which not only the
solution obtained is stable but also the radius of the re-
sultant object is smaller than the Buchdahl radius. How-
ever, these solutions become unstable as one approaches
the compactness of a black-hole.
Furthermore, for both of the models proposed, these
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FIG. 8. Parameter space of R and RΣ for the model depicted in Fig.2 (left panel) and the model depicted in Fig.5 (right panel).
We plot V ′′ (RΣ), positive whenever the solution is stable and negative otherwise. We verify that stable solutions exist with
an object radius smaller than 3M for both models and in the same regions where the WEC and the SEC are satisfied.
results imply the existence of stable configurations with
radii smaller than the light-ring radius 3M . These cor-
respond to solutions presenting shadows and thus they
model objects that are indistinguishable from black-holes
as seen from exterior observers, with the advantage of
not having neither singularities or event horizons. Con-
sequently, they constitute viable models for ECOs (in
particular, black-hole mimickers) and dark-matter.
2. Validity of the DEC
The analysis of dynamical thin-shells in black-hole
spacetimes has been done and provided interesting re-
sults [21, 22]. In particular, it has been shown that all
stable thin-shell configurations in these backgrounds sat-
isfy the DEC, even when its validity is not imposed a
priori. Thus, one could expect that our static models
would be unstable against radial perturbations whenever
the DEC is violated.
In Fig.9, we plot the validity regions of the DEC, i.e.,
we plot M (σ − |pt|), for both of the models proposed in
Secs.III A and III B. For both models, we verify that there
are regions of the parameter space for which the DEC is
violated, even if the WEC and the SEC are satisfied.
A comparison between Fig.8 and Fig.9 reveals some-
thing unexpected. Although for the first model we verify
that stability implies the validity of the DEC, the same
is not true for the second model, as there exists a region
in the parameter space of RΣ and R for which the DEC
is violated but the solution remains stable nevertheless.
V. CONCLUSIONS
In this work, we have used the junction conditions and
the thin-shell formalism in GR to construct two models
for relativistic fluid spheres supported by thin-shell con-
figurations. These models can present a compactness ar-
bitrarily close to that of a black-hole without developing
neither coordinate singularities nor pressure divergences,
thus being exceptions to the Buchdahl theorem. Further-
more, we have analysed the validity of both the WEC and
the SEC and verified that they are satisfied.
In the first model, we have shown that if we perform
the matching between the Schwarzschild interior and ex-
terior solutions for a junction radius smaller than the
radius of the star, it is possible to contract the object be-
low the Buchdahl limit while keeping the energy density
constant in the interior solution, and the resultant thin-
shell at the junction radius will satisfy the WEC and the
SEC. For the second model, we have shown that there are
regions in the parameters space where the WEC and the
SEC are violated, but this corresponds to the same pa-
rameter region for which there exist pressure divergences
and coordinate singularities. If the junction radius is cho-
sen to be greater than the radius at which these problems
arise, the singularities are removed and the WEC and the
SEC are automatically satisfied.
The stability of these objects was also analyzed and we
have verified that stable solutions with a radius smaller
than the radius of the light-ring, i.e., R < 3M , exist. In
particular, for the second model there exist combinations
of the parameters RΣ and R for which the solutions are
stable and present radii below the Buchdahl limit. We
also show that the validity of the DEC is not a necessary
condition for the stability of the second model.
The models proposed in this work correspond to ob-
jects presenting a shadow and consequently indistinguish-
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FIG. 9. Parameter space of R and RΣ for the model depicted in Fig.2 (left panel) and the model depicted in Fig.5 (right panel).
We plot M (σ − |pt|), positive where the DEC is satisfied. For both models, the DEC is violated in a region where the WEC
and the SEC are satisfied. However, there are still regions where the DEC is satisfied and the resultant object still presents a
radius smaller than Rb.
able from black-holes as seen from an exterior observer.
These solutions are thus relevant candidates for dark
matter and ECOs. Furthermore, it is expected that the
continuous increase in the sensitivity of the gravitational
wave observatories will allow for the direct detection of
both the oscillation modes of the objects resultant from
binary coalescences as well as gravitational echoes[25],
which could be compared with the ones predicted by a
perturbative analysis of these models.
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